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Abstract. The use of automatic balancing devices in unbalanced rotor systems has proven their 
ability to reduce rotor vibrations in the super resonance zone of velocities. At the same time, the 
creation of efficient automatic balancing devices with a torus-shaped body and a circular 
cross-section is associated with the multimodal motion of the compensating masses, which makes 
the device unsuitable for operation. To ensure the acceleration of the compensating masses from 
the rest state to the working speed of the rotor, they need to be provided with some initial velocity. 
The magnitude of this velocity is influenced by the parameters of the elastic suspension of the 
rotor, the geometric parameters of the automatic balancing device, the rolling friction coefficient 
between the body and the compensating mass, etc. The work is devoted to the description of the 
vertical rotor model with an automatic balancer with two compensating masses. It also considers 
the effect of the rolling friction coefficient on the value of their initial velocity. 
Keywords: automatic balancer, working regime, ball, rotor, torus-shaped body, elastic suspension 
stiffness, rolling friction coefficient. 
1. Introduction 
To reduce the unbalance of the rotating unbalanced rotor in the super resonant frequency band, 
automatic balancing devices (hereinafter ABD) mounted on the rotor can be used. This is 
especially topical when the magnitude of the imbalance is random, for example, in grinding 
devices, centrifuges, etc. As noted in [1], the ball-type ABD with a circular cross-section has the 
greatest sensitivity as the compensating mass (hereinafter CM) in this case has one point of contact 
with the body of the ABD. At the same time, a reduced resistance force and an increase in the 
degree of freedom of the CM lead to a multimode of the ABD in the transient mode of accelerating 
the CM to the working speed of the rotor. In [2, 3], the influence of the damping forces of the rotor 
system on the acceleration of the CM in the ring of the rectangular cross-section of the ABD is 
considered, therefore it is of interest to consider the acceleration of the CM in a body with a 
circular cross-section of an ABD under the action of rolling friction between the CM and the 
ABD’s body. 
It is of interest to determine the dependence of the magnitude of the absolute initial velocity 
of the CM on the value of the rolling friction coefficient between these masses and the ABD’s 
body. In the case when the CMs steadily move relative to the ABD’s body, the rotor has increased 
vibrations [4, 5]. The results of the work can be used in the design and calculation of ball-type 
ABDs with a torus-shaped body. 
The aim of the work is to describe the mathematical model of a vertical rotor with a ball-type 
ABD and a torus-shaped body and a circular cross-section with two CMs. The work is a 
continuation of work [1] and is based on experimental tests of a rotor with an ABD [6]. 
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2. Calculation scheme and mathematical model of a rotor with an ABD 
The paper deals with a symmetrical vertical rigid rotor on an elastic-dissipative suspension and 
with an ABD. The ABD’s body is made of a toroidal shape with radius 𝑅  along the middle 
circumference and R1 in the cross-section, into which two compensating masses in the form of a 
ball of radius 𝑟 and mass m each are placed. The rolling friction coefficient between the CM and 
the ABD body is 𝑘. The rotor with mass 𝑚௥ has a static eccentricity e. The rotor is mounted on an 
isotropic elastic dissipative suspension in which in the direction of 𝑥 and 𝑦 axes of the fixed 
coordinate system stiffness and viscous damping coefficients are 𝑐 and 𝑏, respectively. In the 
study, it was assumed that the magnitude of the dissipation coefficients 𝑏 does not depend on the 
stiffness of the suspension. The ABD’s body is concentrically fixed to the rotor and rotates with 
it with angular velocity 𝜔. 
The design diagram of the rotor with an ABD is shown in Fig. 1. In the model of the rotor 
system, it is assumed that the rotor rotates about its axis at constant velocity (𝜑ሶ = 𝜔 = const,  
𝜑 = 𝜔𝑡). The compensating masses begin their movement from positions and with velocities set 
by the initial conditions.  
 
Fig. 1. Design diagram of the rotor system with an ABD 
At this stage of the study it is assumed that there are no collisions between the CMs and the 
masses move as if in parallel planes (when moving, CMs can penetrate through each other). The 
system of differential equations of motion consists of six equations, and dimensionless in the 
matrix form are as follows: 
ሾ𝑀ሿ {𝜒ሷ} = {𝑑}. (1) 
Matrix [𝑀] presents the following expression: 
ሾ𝑀ሿ =
⎝
⎜⎜
⎛
1 0 −𝑏ଵ sin 𝜑ଵ −𝑏ଵ sin 𝜑ଶ 𝑏ଶ cos 𝛼ଵ cos 𝜑ଵ 𝑏ଶ cos 𝛼ଶ cos 𝜑ଶ
0 1 𝑏ଵ cos 𝜑ଵ 𝑏ଵ cos 𝜑ଶ 𝑏ଶ cos 𝛼ଵ sin 𝜑ଵ 𝑏ଶ cos 𝛼ଶ sin 𝜑ଶ
0 0 1 −𝑏ଷ 0 −𝑏ସ𝑏ହ cos 𝛼ଶ
0 0 0 1 𝑏ସ𝑏ହ cos 𝛼ଵ 𝑐ଵ⁄ −𝑏ଷ𝑏ସ𝑏ହ cos 𝛼ଶ 𝑐ଵ⁄
0 0 0 0 1 −𝑏଺𝑐ଶ cos 𝛼ଶ 𝑐ଷ⁄
0 0 0 0 0 1 ⎠
⎟⎟
⎞
, (2) 
where: 
MODEL OF A VERTICAL ROTOR WITH AN AUTOMATIC BALANCER WITH TWO COMPENSATING MASSES.  
GUNTIS STRAUTMANIS, MAREKS MEZITIS, VALENTINA STRAUTMANE, ALEXANDER GORBENKO 
204 VIBROENGINEERING PROCEDIA. DECEMBER 2018, VOLUME 21  
𝑏ଵ = 𝑚଴ ∙ 𝑒ଶ,   𝑏ଶ = 𝑚଴ ∙ 𝑒଴,   𝑏ଷ =
𝑚଴ ∙ cos(𝜓ଶ − 𝜓ଵ)
7
5 − 𝑚଴
,   𝑏ସ =
𝑚଴ ∙ sin(𝜓ଶ − 𝜓ଵ)
7
5 − 𝑚଴
, 
𝑏ହ =
𝑒଴
𝑒ଶ ,   𝑏଺ =
𝑚଴ ∙ cos𝛼ଵ
7
5 − 𝑚଴ ∙ cosଶ𝛼ଵ
,   𝑏଻ =
𝑚଴ ∙ cos𝛼ଶ
7
5 − 𝑚଴ ∙ cosଶ𝛼ଶ
,    
𝑐ଵ = 1 − 𝑏ଷଶ,     𝑐ଶ = 𝑏ଷ ∙ 𝑏ସ ∙ sin(𝜓ଶ − 𝜓ଵ) − 𝑐ଵ ∙ cos(𝜓ଶ − 𝜓ଵ), 
cଷ = 𝑐ଵ − 𝑏ସ ∙ 𝑏଺ ∙ cos𝛼ଵ ∙ sin(𝜓ଶ − 𝜓ଵ),   𝑚଴ =
𝑚
𝑀 ,    𝑚 = 7,812 ∙ 10
ିଷ ∙ 4 ∙ 𝜋 ∙ 𝑟
ଷ
3 (kg), 
𝑒଴ =
𝑅ଵ − 𝑟
𝑒 ,   𝑒ଵ =
𝑅ଵ
𝑒 ,   𝑒ଶ =
𝑅
𝑒 ,   
𝜔𝑡
2𝜋 =
𝜑
2𝜋 = 𝜏,    𝑏
𝑀𝜔 = 𝑛,   
𝑐
𝑀𝜔ଶ = 𝑝,   
𝑘
𝑟 = 𝑘௥,     𝑔଴ =
9,81
𝑒𝜔ଶ , 
sin 𝜑ଵ = sin(𝜔𝑡 + 𝜓ଵ),   sin 𝜑ଶ = sin(𝜔𝑡 + 𝜓ଶ), 
cos 𝜑ଵ = cos(𝜔𝑡 + 𝜓ଵ) ,   cos 𝜑ଶ = cos(𝜔𝑡 + 𝜓ଶ). 
 
Matrixes {𝜒ሷ} and {𝑑} are recorded as follows: 
{𝜒ሷ} =
⎝
⎜⎜
⎜
⎛
𝑥ሷ
𝑦ሷ
𝜓ሷଵ
𝜓ሷ ଶ
𝛼ሷଵ
𝛼ሷଶ ⎠
⎟⎟
⎟
⎞
,    {𝑑} =
⎝
⎜
⎜
⎛
𝑑ଵ
𝑑ଶ
𝑑ଷ
𝑑ସ
𝑑ହ
𝑑଺⎠
⎟
⎟
⎞
,    
⎝
⎜⎜
⎜
⎛
𝑥ሶ
𝑦ሶ
𝜓ሶଵ
𝜓ሶ ଶ
𝛼ሶଵ
𝛼ሶଶ ⎠
⎟⎟
⎟
⎞
=
⎝
⎜⎜
⎛
𝑣ଵ
𝑣ଶ
𝑣ଷ𝑣ସ
𝑣ହ
𝑣଺⎠
⎟⎟
⎞
,    
⎝
⎜⎜
⎛
𝑥
𝑦
𝜓ଵ
𝜓ଶ
𝛼ଵ
𝛼ଶ ⎠
⎟⎟
⎞
=
⎝
⎜⎜
⎛
𝑥ଵ
𝑥ଶ
𝑥ଷ𝑥ସ
𝑥ହ
𝑥଺⎠
⎟⎟
⎞
. (3) 
The elements of matrix {𝑑} are as follows: 
𝑑ଵ = −𝑛𝑣ଵ − 𝑝𝑥ଵ + 𝑚଴𝑒ଶ(1 + 𝑣ଷ)ଶ cos(2𝜋𝜏 + 𝑥ଷ) + 𝑚଴𝑒ଶ(1 + 𝑣ସ)ଶ cos(2𝜋𝜏 + 𝑥ସ)
+ 2𝑚଴𝑒଴𝑣ହ(1 + 𝑣ଷ) cos(𝑥ହ) sin(2𝜋𝜏 + 𝑥ଷ) + 𝑚଴𝑒଴(𝑣ହ)ଶ cos(2𝜋𝜏 + 𝑥ଷ) sin(𝑥ହ)
+ 2𝑚଴𝑒଴𝑣ହ(1 + 𝑣ସ) cos(𝑥଺) sin(2𝜋𝜏 + 𝑥ସ) + 𝑚଴𝑒଴(𝑣଺)ଶ cos(2𝜋𝜏 + 𝑥ସ) sin(𝑥଺) 
      +(1 − 2𝑚଴) cos 2𝜋𝜏, 
(4)
𝑑ଶ = −𝑛𝑣ଶ − 𝑝𝑥ଶ + 𝑚଴𝑒ଶ(1 + 𝑣ଷ)ଶ sin(2𝜋𝜏 + 𝑥ଷ) + 𝑚଴𝑒ଶ(1 + 𝑣ସ)ଶ sin(2𝜋𝜏 + 𝑥ସ)
− 2𝑚଴𝑒଴𝑣ହ(1 + 𝑣ଷ) cos(𝑥ହ) cos(2𝜋𝜏 + 𝑥ଷ) + 𝑚଴𝑒଴(𝑣ହ)ଶ sin(2𝜋𝜏 + 𝑥ଷ) sin(𝑥ହ)
− 2𝑚଴𝑒଴𝑣ହ(1 + 𝑣ସ) cos(𝑥଺) cos(2𝜋𝜏 + 𝑥ସ) + 𝑚଴𝑒଴(𝑣଺)ଶ sin(2𝜋𝜏 + 𝑥ସ) sin(𝑥଺)
+ (1 − 2𝑚଴) sin 2𝜋𝜏, 
(5)
𝑑ଷ = ቊ(𝑛𝑣ଶ + 𝑝𝑥ଶ) cos
(2𝜋𝜏 + 𝑥ଷ)
𝑒ଶ −
(𝑛𝑣ଵ + 𝑝𝑥ଵ) sin(2𝜋𝜏 + 𝑥ଷ)
𝑒ଶ − (1 + 𝑣ସ)
ଶ
× 𝑚଴ sin(𝑥ସ − 𝑥ଷ) − (2(1 − 𝑚଴ )𝑣ହ(1 + 𝑣ଷ) cos(𝑥ହ) 𝑒଴)𝑒ଶ  
+
൫(1 − 2𝑚଴) sin(𝑥ଷ)൯
𝑒ଶ − (𝑚଴𝑒଴(𝑣଺)ଶ sin(𝑥଺) sin(𝑥ସ − 𝑥ଷ))
𝑒ଶ  
      + 2𝑚଴𝑒଴𝑣଺((1 + 𝑣ସ)cos(𝑥଺)cos(𝑥ସ − 𝑥ଷ))𝑒ଶ  
      −
቎ቀ൫𝑁ଵ
∗𝑘௥(𝑒ଶ + 𝑒ଵ sin(𝑥ହ))൯ቁ
(𝑒ଶ)ଶ ቏ sign(𝑣ଷ)ቑ
൫(7 5⁄ − 𝑚଴)൯
, 
(6)
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𝑑ସ = ቊ(𝑛𝑣ଶ + 𝑝𝑥ଶ) cos
(2𝜋𝜏 + 𝑥ସ)
𝑒ଶ −
(𝑛𝑣ଵ + 𝑝𝑥ଵ) sin(2𝜋𝜏 + 𝑥ସ)
𝑒ଶ + (1 + 𝑣ଷ)
ଶ
× +𝑚଴ sin(𝑥ସ − 𝑥ଷ) − 2(1 − 𝑚଴)𝑣଺
(1 + 𝑣ସ) cos(𝑥଺) 𝑒଴
𝑒ଶ +
(1 − 𝑚଴) sin(𝑥ସ)
𝑒ଶ
+ 𝑚଴𝑒଴(𝑣ହ)
ଶ sin(𝑥ହ) sin(𝑥ସ − 𝑥ଷ)
𝑒ଶ + 2 𝑚଴𝑒଴
𝑣ହ(1 + 𝑣ଷ) cos(𝑥ହ) cos(𝑥ସ − 𝑥ଷ)
𝑒ଶ
−
ቈ൫𝑁ଶ
∗ 𝑘௥(𝑒ଶ + 𝑒ଵ sin(𝑥଺))൯
(𝑒ଶ)ଶ ቉ sign(𝑣ସ)ቋ
(7 5⁄ − 𝑚଴) , 
(7)
𝑑ହ = ቊ
ሾ(𝑛𝑣ଶ + 𝑝𝑥ଶ) sin(2𝜋𝜏 + 𝑥ଷ) cos(𝑣ହ) + (𝑛𝑣ଵ + 𝑝𝑥ଵ) cos(2𝜋𝜏 + 𝑥ଷ) cos(𝑣ହ)ሿ
𝑒଴  
       −𝑚଴(𝑣ହ) ଶ sin(𝑥ହ) cos(𝑥ହ) −
𝑔଴ sin(𝑥ହ)
𝑒଴ +
(1 − 𝑚଴)𝑒ଶ cos(𝑥ହ) (1 + 𝑣ଷ)ଶ
𝑒଴  
       − 𝑚଴𝑒ଶ cos(𝑥ହ) (1 + 𝑣ସ)
ଶ cos(𝑥ସ − 𝑥ଷ)
𝑒଴ − 𝑚଴(𝑣଺)
ଶ sin(𝑥଺) cos(𝑥ହ) cos(𝑥ସ − 𝑥ଷ)  
       −2𝑚଴𝑣଺(1 + 𝑣ସ) cos(𝑥ହ) cos(𝑥଺) sin(𝑥ସ − 𝑥ଷ) 
       − (1 − 2 𝑚଴) cos(𝑥ହ) sin(𝑥ଷ)𝑒଴ ି
൤𝑁ଵ
∗𝑘௥𝑒ଵ(𝑒଴)ଶ ൨ sign(𝑣ହ)ൠ
ቀ75 − 𝑚଴ cosଶ(𝑥ହ)ቁ
, 
(8)
𝑑଺ = ቊ
ሾ(𝑛𝑣ଶ + 𝑝𝑥ଶ) sin(2𝜋𝜏 + 𝑥ସ) cos(𝑣଺) + (𝑛𝑣ଵ + 𝑝𝑥ଵ) cos(2𝜋𝜏 + 𝑥ସ) cos(𝑣଺)ሿ
𝑒଴  
      −𝑚଴ (𝑣଺)ଶ sin(𝑥଺) cos(𝑥଺)  −
𝑔଴ sin(𝑥଺)
𝑒଴ +
(1 − 𝑚଴)𝑒ଶ cos(𝑥଺) (1 + 𝑣ସ)ଶ
𝑒଴  
      − 𝑚଴𝑒ଶ cos(𝑥଺) (1 + 𝑣ଷ)
ଶ cos(𝑥ସ − 𝑥ଷ)
𝑒଴ − 𝑚଴(𝑣ହ)
ଶ sin(𝑥ହ) cos(𝑥଺) cos(𝑥ସ − 𝑥ଷ)
+ 2𝑚଴𝑣ହ (1 + 𝑣ଷ) cos(𝑥ହ) cos(𝑥଺) sin(𝑥ସ − 𝑥ଷ) 
      − (1 − 2𝑚଴) cos(𝑥଺) sin(𝑥ସ)𝑒଴ −
൤𝑁ଶ
∗𝑘௥𝑒ଵ(𝑒଴)ଶ ൨ sign(𝑣଺)ൠ
ቀ75 − 𝑚଴ cosଶ(𝑥଺)ቁ
, 
(9)
where 𝑁ଵ∗, 𝑁ଶ∗ – dimensionless forces of normal pressure of CMs on the internal surface of the 
ABD’s body: 
𝑁௜∗ = 𝑔଴cos𝛼௜ + 𝑒ଶ ቆ1 +
𝜓ሶ ௜
𝜔 ቇ
ଶ
sin 𝛼௜ + 𝑒଴𝛼ሶ ௜ଶ,    𝑖 = 1, 2. (10) 
3. Study results of the mathematical model 
A system of differential equations of motion Eq. (1) for a rotor system with an ABD with two 
compensating masses was investigated using SPRING software [7]. 
At this stage of the study, the collision between the CMs was not taken into account and it was 
assumed that during its motion one compensating mass does not prevent the movement of the 
other. We consider the influence of the rolling friction coefficient between the CMs and the 
internal surface of the ABD on its operation. 
In this case, the initial velocity of the CM in the circumferential direction was determined  
𝑣ଷ = 𝜓ሶଵ 𝜔⁄  and 𝑣ସ = 𝜓ሶ ଶ 𝜔⁄  (under the initial conditions CМ: if 𝜏 =  0 then 𝑥ଷ =  0,  
𝑥ସ = 2 arctg(𝑟 𝑅⁄ ) ,  𝑣ହ = 0 , 𝑥ହ = 0, 𝑣଺ =  0, 𝑥଺ =  0), which ensures its acceleration to the 
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working speed of the rotor. When considering the acceleration of the CM, the initial conditions 
for the motion of the rotor are as follows: 𝜏 = 0, 𝑥ଵ = 0, 𝑣ଵ = 0, 𝑥ଶ = 0, 𝑣ଶ = 0, 𝜔 = 1. The 
study was carried out at various fixed values of the relative dissipation coefficient in the elastic 
suspension of the rotor: 𝑛 = 0.145 and 𝑛 = 0.1 and with the following parameters of the rotor 
system: 𝑒଴ = 2,5, 𝑒ଵ = 15, 𝑒ଶ = 200, 𝑔଴ = 0,5005. The mass of the CM was assumed to depend 
on its radius.  
The results of the calculations are shown in Table 1, based on which the dependence of the 
initial speed of the CM 𝑣ଷ and 𝑣ସ in the circumferential direction of the ABD’s body is plotted in 
Fig. 2, depending on the size of the dimensionless gap between the CM and the internal surface 
of the ABD in the cross-section. The research was carried out with the ratio of the square of the 
natural frequency of the elastic suspension of the rotor system to the square of the working speed 
of the rotor: 𝑝 = 0,003, 𝑝 = 0,005 and 𝑝 = 0,01. 
 
a) 
 
b) 
Fig. 2. Diagram of the dependence of the initial velocity of CM 𝑣_3 and 𝑣ସ in the circumferential direction 
of the ABD’s body on the value of the rolling friction coefficient at 𝑝 = 0,005: a) 𝑛 = 0,100, b) 𝑛 = 0,145 
1) 𝑘 = 2·10-5 m; 2) 𝑘 = 4·10-5 m at various values of rolling friction coefficients of relative dissipation 
Table 1. Calculation results at two values of relative dissipation coefficient 𝑛  
in the elastic suspension of the rotor at 𝑝 = 0,005 
𝑛=
 0,
10
0 
Rolling friction coefficient 𝑘 = 2·10-5 m 
𝑒଴ 0,5 1,1 1,9 2,7 3,5 4,3 5,1 5,7 
𝑣ଷ, 𝑣ସ –0,857 –0,804 –0,776 –0,881 –0,880 –0,878 –0,881 –0,880 
Rolling friction coefficient 𝑘 = 4·10-5 m 
𝑒଴ 0,5 1,1 1,9 2,7 3,5 4,3 5,1 5,4 
𝑣ଷ, 𝑣ସ –0,874 –0,876 –0,873 –0,890 –0,892 –0,900 –0,901 –1,000 
𝑛=
 0,
14
5 
Rolling friction coefficient 𝑘 = 2·10-5 m 
𝑒଴ 0,5 1,1 1,9 2,7 3,5 4,3 5,1 5,7 
𝑣ଷ, 𝑣ସ –0,861 –0,846 –0,824 –0,879 –0,884 –0,882 –0,881 –0,880 
Rolling friction coefficient 𝑘 = 4·10-5 m 
𝑒଴ 0,5 1,1 1,9 2,7 3,5 4,3 4,9  
𝑣ଷ, 𝑣ସ –0,880 –0,862 –0,850 –0,891 –0,913 –0,912 –1,000  
Table 2. The results of the calculation at two values of coefficient of relative stiffness 𝑝  
in the elastic suspension of the rotor at rolling friction coefficient 𝑘 = 4·10-5 m at  
the coefficient of relative dissipation 𝑛 = 0,100 
𝑝 = 0,003 𝑒଴ 0,5 1,1 1,7 2,3 2,9 3,5 3,9 4,6 5,0 𝑣ଷ, 𝑣ସ –0,888 –0,868 –0,892 –0,929 –0,927 –0,912 –0,920 –1,000  
𝑝 = 0,010 𝑒଴ 0,5 1,1 1,9 2,7 3,5 4,3 5,1 5,4 5,4 𝑣ଷ, 𝑣ସ –0,388 –0,428 –0,565 –0,639 –0,701 –0,750 –0,868 –0,977 –1,000 
Table 2, which is the basis for diagrams in Fig. 3, shows the dependence of the initial velocity 
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of CM 𝑣ଷ and 𝑣ସ in the circumferential direction of the ABD’s body depending on the value of 
the dimensionless gap between the CM and the inner surface of the ADD in the cross-section at 
different values of dimensionless stiffness 𝑝 of the elastic suspension of the rotor. 
 
Fig. 3. Diagram of the dependence of the initial velocity of the CM 𝑣ଷ and 𝑣ସ in the circumferential 
direction of the ABD’s body with rolling friction 𝑘 = 4·10-5 m at the coefficient of relative dissipation  
𝑛 = 0,100 and at different values of the coefficients of relative stiffness 1) 𝑝 = 0,003, 2) 𝑝 = 0,010  
4. Conclusions 
The performed calculations of the mathematical model of the vertical rotor with an ABD’s 
body having a toroidal shape and a circular cross-section with two compensating masses 
concentrically fixed on it made it possible to state that the acceleration of the CM to the working 
speed of the rotor essentially depends on the rolling friction coefficient and the stiffness of the 
elastic suspension of the rotor. Reducing the stiffness of the rotor suspension allows reducing the 
relative gap between the body of the ABD and the CM for their acceleration to the rotor speed (to 
increase the size of the CM). The change in the dissipation coefficient in the rotor suspension has 
little effect on the conditions of CM acceleration. The results of the study do not contradict the 
previous results of the calculation of the ABD with one CM. 
At the same time, the mathematical model of a rotor system with an ABD requires further 
development to take into account the collision between CMs during their acceleration to the 
working speed of the rotor. 
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